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We develop a numerical growth model that can predict the statistical properties of the height distribution of Japanese
children. Our previous studies have clarified that the height distribution of schoolchildren shows a transition from the
lognormal distribution to the normal distribution during puberty. In this study, we demonstrate by simulation that the
transition occurs owing to the variability of the onset of puberty.
1. Introduction
The growth process of children is often characterized by
the time evolution of their height in addition to those of their
weight and sitting height. Although genetic factors affect the
growth process and final adult height the most, the socioe-
conomic position of a family, nutrition, and diseases are also
important factors.1 As an example of children’s growth, we
show the growth curves of male (solid) and female (broken)
Japanese children2 in Fig. 1(a). The shape of the curves shown
in Fig. 1(a) is typical of human growth and can also be ob-
served in the case of U.S. children.3
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Fig. 1. (a) Growth curves for male (solid) and female (broken) children.
(b) Growth rate defined using Eq. (2). The growth rate of female children has
a local minimum at t0 = 102 months.
In medicine, various mathematical models describing the
average growth of children have been proposed,4–7 mainly for
the purpose of medication in children with unusual growth.
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For example, Preece and Baines developed a five-parameter
growth model as follows:
H(t) = U − 2(U − E)
exp[A(t −C)] + exp[B(t − C)] , (1)
where H(t) is the average height (cm) of children at age t
(month). The parameters (A, B,C, E,U) are called the growth
parameters of the model, which have biological significance,
such as the final adult height (U). Kanefuji has shown that the
growth curve of Japanese boys born in 1962 can be well ap-
proximated by Eq. (1) with appropriate growth parameters.8
In general, the growth rate of a newborn baby shows a
monotonic decrease until the onset of the growth spurt, after
which the growth rate increases to a local maximum followed
by a monotonic decrease to zero. Here, we define the average
growth rate α(t) by
α(t) ≡ H(t + ∆t) − H(t)
H(t) , (2)
where ∆t = 1 (month). Figure 1(b) shows the average growth
rate calculated using Eq.(2) from the data of the Japanese So-
ciety for Pediatric Endocrinology,2 where the solid and bro-
ken curves represent the α(t) values of data for boys and girls,
respectively. The data are smoothed by the Bezier interpola-
tion. As can be seen in the inset of Fig. 1(b), each curve has
a local minimum around 100 − 120 months old, which can
be defined as the onset of a growth spurt. For example, the
growth spurt begins at t0 = 102 months in the case of girls.
Here, we should distinguish between puberty and growth
spurts. Puberty is the period during which children’s bodies
become adult bodies capable of reproduction. In the first half
of puberty, the growth rate of children positively accelerates
towards a local maximum value followed by a monotonic
decrease to zero. The period of the positive acceleration of
growth is called a growth spurt. Japanese girls begin puberty
at ages 9-10, which continues up to ages 15-17, during which
they experience menarche around the age of 12 on average.
On the other hand, boys begin puberty at ages 11-12, which
continues up to ages 16-17.
In addition to the average growth, the height distribution
is often useful for the evaluation of children’s development
in a given group.9–11 In general, the height and weight dis-
tributions are believed to obey the normal distribution. How-
ever, some studies have shown that they approximately obey
the lognormal distribution.12, 13 In our previous works,14–17 we
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investigated the height distribution of Japanese children, the
ages of which range from 5 to 17, on the basis of the data
from the Ministry of Education, Culture, Sports, Science and
Technology.18 Our findings are summarized as follows: (i) the
height distribution of Japanese schoolchildren obeys the log-
normal distribution before puberty, (ii) the height distribution
shows a transition to the normal distribution during puberty,
and (iii) the height distribution fits the lognormal distribution
equally well as the normal distribution after puberty. How-
ever, the mechanism of the transition is still unclear.
The aim of this study is to clarify the origin of the transi-
tion of the height distribution during puberty with a growth
model constructed on a biological basis. The organization of
this paper is as follows. In the next section, we will introduce
our growth model. We will show the simulation results by our
growth model in Sect. 3. We will devote Sect. 4 to the discus-
sion of our results. In Sect. 5, we will summarize our results.
2. Model
Let us introduce our growth model. Some studies have im-
plied that the growth process for living organisms is multi-
plicative from the fact that the body size distribution often
obeys the lognormal distribution.1, 7, 19 From Eq. (2), we de-
scribe the children’s growth by the multiplicative process as
H(i)(t + ∆t) = (1 + α(i)(t))H(i)(t). (3)
Here, H(i)(t) and α(i)(t) are the height and growth rate of the i-
th body at age t (months), respectively. We use 1 month for∆t.
The total number of growing bodies studied is 106. The initial
height of the i-th body, H(i)(0), is randomly chosen from the
lognormal distribution of the height x,
f (x) = 1√
2piσx
exp
[
− (log x − µ)
2
2σ2
]
, (4)
with µ = 3.878 and σ = 2.15.20
We define α(i)(t) on the basis of the average growth rate
α(t) of girls, which is represented by the broken curve in Fig.
1(b). The reason why we use the average growth rate of girls
is that the puberty of girls is clearly characterized by menar-
che, which is statistically examined. We introduce two kinds
of fluctuation in α(t) as follows. First, we give the variability
in the onset of growth spurt. The puberty of girls is charac-
terized by the onset of menarche, which occurs around ages
144-156 months. Figure 2 shows the distribution of the onset
of menarche in Japan,21 where the data are well approximated
by both the normal and lognormal distributions. The broken
curve shows the best-fit normal distribution with a mean of
145.8 months and a standard deviation of 13.56 months, while
the solid curve shows the best-fit lognormal distribution. As-
suming that the onset of the growth spurt has a close relation-
ship with that of menarche and obeys the normal distribution,
we choose a normal random number from the normal distri-
bution with a mean of 132 months and a standard deviation
of 12.8 months to define the onset of the growth spurt t(i)s for
each body.
After t(i)s is chosen, we define the function α∗(i)(t) such that
the following relation is fulfilled:
α∗(i)
(
t˜
)
= α(t), (5)
where t˜ is the scaled age, t˜ ≡ t × (t(i)s /t0). Next, we give a
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Fig. 2. Distribution of onset age (in month) of menarche. Solid and broken
curves are curves fitted by lognormal and normal distributions, respectively.
fluctuation in α∗(i)
(
t˜
)
as
α(i)
(
t˜
)
= α∗(i)
(
t˜
)
+ δα(i)
(
t˜
)
, (6)
where δα(i)
(
t˜
)
is randomly chosen from the normal distribu-
tion with a mean of 0 and a standard deviation of σ = 10−3.
3. Results
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Fig. 3. Time evolution of individual heights.
First we show the time evolution of the heights of two ar-
bitrarily chosen bodies (called bodies 1 and 2) in Fig. 3, each
of which shows a similar growth to the average one shown in
Fig. 1(a). The onset of the growth spurt of body 2 is later than
that of body 1, so that the final stature of body 2 is higher than
that of body 1. Similar result can also be found in the case of
the growth of children.
Next, we show the height distribution of 96-month-old and
156-month-old bodies in Fig. 4(a), where we plot the number
of bodies scaled by the total number of bodies on the vertical
axis by the logarithmic scale. The height distribution of 96-
month-old bodies (solid curve) looks positively skewed, while
that of the 156-month-old bodies (dotted curve) shows a rather
symmetric shape.
Here, let us investigate which statistical distribution fits the
height distribution better at each age. Our procedure of in-
vestigation is as follows. First, we fit the height distribution
at each age by the normal and lognormal distributions using
GNUFIT implemented in GNUPLOT. Next, we calculate the
2
J. Phys. Soc. Jpn. DRAFT
10
 1
 80  120  160  200S
ca
le
d
 f
re
q
u
e
n
cy
Height [cm]
(1)
(2)-2
10
-4
10
-6
(a)
 0
 1
 2
 3
 0  50  100  150  200
Age in months
R
  
  
/R
(L
N
)
(N
) (b)
Fig. 4. (a) Semi-log plot of height distributions of (1) 96-month-old and
(2) 156-month-old bodies. (b) Relationship between R(LN)/R(N) and age in
months.
root mean square of residuals,
R =
√
1
m
m∑
j=1
(
O j − E j
)2
, (7)
where O j and E j are the frequency and estimated value of the
fitted distribution of the j-th bin, respectively. m is the total
number of bins. Figure 4(b) shows the relationship between
the age and the ratio of R(LN) to R(N), where R(LN) and R(N)
are the R values calculated using Eq. (7) with the lognormal
and normal distributions, respectively. Figure 4(b) shows that
the lognormal distribution fits the height distribution well be-
fore 156 months, while the normal distribution fits it there-
after. Thus, our growth model has succeeded in predicting the
transition of the height distribution of children found in our
previous work.
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Fig. 5. Skewness of height distribution at each age.
In addition, we investigate the skewness of the height dis-
tribution defined by
< (H(t)− < H(t) >)3 >
[< (H(t)− < H(t) >)2 >]3/2 , (8)
where the angle brackets denote the ensemble average for all
the heights at age t. Figure 5 shows that the skewness changes
its sign from positive to negative around the onset of a growth
spurt followed by a change to a positive value at 204 months
old. A result similar to this result can also be observed in
the data analysis of Japanese children.22 Except for the data
point at 192 months old in Fig. 4(b), the region of the negative
skewness corresponds to that of R(LN)/R(N) larger than unity,
which indicates that the change of the sign of the skewness
may have a close relationship with the transition of the height
distribution.
Note that the negative skewness implies that the height dis-
tribution does not obey the normal distribution rigorously. In
our previous work, we concluded that the height distribution
obeys the normal distribution during puberty.14 However, this
conclusion was based only on the comparison of the normal
and lognormal distributions, so that the normal distribution
was regarded as the better model for the height distribution
during puberty than the lognormal distribution. Thus, we will
henceforth investigate the reason why the sign of the skew-
ness changes during puberty.
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Fig. 6. Time evolutions of (a) standard deviation and (b) skewness when
the onset of growth spurt has no variability.
In our simulation, we have introduced the fluctuation of
the growth rate, δα(i)(t˜), by normal random numbers with a
3
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constant standard deviation of σ = 10−3, although the value
can vary with age in general. However, Marubini showed that
the individual growth velocity during growth spurt (about 24
months) has larger fluctuation than those in other periods.23
Thus, to investigate the effect of the fluctuation in the growth
rate, let us investigate the case in which the standard devia-
tion of δα(i)(t) depends on time, with the onset of growth spurt
fixed at 132 months old. In this simulation, we introduce the
time-dependent standard deviation σ(t) of δα(i)(t) as
σ(t) =

np × 10−3 (132 ≤ t ≤ 156)
10−3 (t < 132, t > 156), (9)
where np (≥ 1) is an integer.
Figure 6(a) shows the standard deviation against age in the
cases of np = 1, 2, 3, and 4. Here, we find that the standard de-
viation shows abrupt increases around 144 months old in the
cases of np = 2, 3, 4, while it shows an almost linear increase
in the case of np = 1. On the other hand, Fig. 6(b) shows the
skewness of the height distribution against age, where we find
that the skewness has larger positive values with an increase
of np after 144 months old. This result indicates that the tran-
sition of the height distribution does not occur irrespective of
np. In fact, the ratio R(LN)/R(N) is almost constant at about
0.18 across all ages in the case of np = 1, which means that
the height distribution remains lognormal. These results im-
ply that the variability of the onset of the growth spurt is more
important than the fluctuation in the growth rate for the tran-
sition of the height distribution.
4. Discussion
In the last section, we have shown that the variability of the
onset of the growth spurt plays an important role in the tran-
sition of the height distribution. Here, let us develop a phe-
nomenological argument for explaining the mechanism of the
transition.
As shown in Fig. 5, the skewness of the height distribu-
tion changes its sign as + → - → + across the ages. Iwata et
al. demonstrated the change of the skewness with their model
mimicking a growth process of a child by a hyperbolic tan-
gent function of age.22 Although their assumption partially
includes randomly generated parameters that are not based on
real data, they have succeeded in reproducing the change of
the sign of the skewness qualitatively. Thus, we develop a phe-
nomenological model including parameters estimated from
real data.
Following the model by Iwata et al., we mimic the growth
of the i-th body around its growth spurt by the hyperbolic tan-
gent function as
H(i)(t) = A(i) + B tanh
 t − t
(i)
0
τ
 (96 ≤ t ≤ 200). (10)
Here, B = 19.9 (cm) and τ = 35.2 (months) are constants
determined by fitting Eq. (10) to the average growth of fe-
male children in 2006. The parameter A(i) is randomly chosen
from the lognormal distribution, Eq. (4), with µ = 4.846 and
σ = 0.0426, which are obtained from the height distribution
of 96-month-old girls in 2006. In addition, the parameter t(i)0
is randomly chosen from the normal distribution with a mean
of 120.5 (months) and a standard deviation of σv. From the
heights of 106 bodies, we calculate the skewness of the height
distribution at age t.
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Fig. 7. Relationships between age and skewness with different σv values.
Figure 7 shows the relationship between the age t and the
skewness of the height distribution. We show three results
with σv = 6 (chain curve), σv = 9 (dotted curve), and
σv = 13.56 (solid curve). σv = 13.56 is estimated from real
data. When σv < 7.7, the skewness maintains a positive value
across all ages, which means that the height distribution re-
mains lognormal. Meanwhile, the skewness changes its sign
as +→ - → + when σv ≥ 7.7, which means that the transition
of the height distribution occurs.
tt ta b
Fig. 8. Schematic figure of hyperbolic tangential growths and time evolu-
tion of height distributions.
The mechanism of the change of the skewness can be un-
derstood intuitively as follows. Figure 8 shows a schematic
figure of the hyperbolic tangential growths of three bodies.
The change of the height distribution is schematically shown
in the upper part of Fig. 8. Let ta be the age when any of the
bodies starts its growth spurt. Before ta, the distribution of the
heights is lognormal because each body grows according to a
multiplicative process. After ta, as the number of tall bodies
increases, the peak of the height distribution shifts to the right,
which results in a negative skewness. As the age approaches tb
when all the bodies finish their growth, bodies with relatively
slow growth experience their growth spurt. Their final height
often become relatively tall as stated in the last section. Thus,
the height distribution will have a longer tail extending to the
right direction, which results in a positive skewness.
4
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5. Conclusions
In this study, we have developed a growth model of chil-
dren that explains the transition of their height distribution
during puberty, observed in our previous work. Our model is
based on a multiplicative process, in which the growth rate of
a body is introduced by adding two kinds of fluctuation into
the average growth rate of female Japanese children. We have
investigated which distribution fits the height distribution at
each age by calculating the root mean square of residuals from
the lognomal and normal fitting functions. The height distri-
butions fit the normal distribution better than the lognormal
distribution after 156 months of age because the skewness of
the height distribution changes its sign during puberty. For the
change of the skewness of the height distribution, the vari-
ability of the onset of growth spurt is particularly important,
as demonstrated in our simulation. The change of the skew-
ness can be explained by our phenomenological argument,
which supports the importance of the variability of the onset
of growth spurt for the transition of the height distribution.
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